With the extension of the spectral exploitation of optical fibers beyond the Cband, accurate modeling and simulation of nonlinear interference (NLI) generation is of the utmost performance. Models and numerical simulation tools rely on the widely used Manakov equation (ME): however, this approach when considering also the effect of polarization mode dispersion (PMD) is formally valid only over a narrow optical bandwidth. In order to analyze the range of validity of the ME and its applicability to future wide-band systems, we present numerical simulations, showing the interplay between NLI generation and PMD over long dispersion-uncompensated optical links, using coherent polarization division multiplexing (PDM) quadrature amplitude modulation (QAM) formats. Using a Monte-Carlo analysis of different PMD realizations based on the coupled nonlinear Schrödinger equations, we show that PMD has a negligible effect on NLI generation, independently from the total system bandwidth. Based on this, we give strong numerical evidence that the ME can be safely used to estimate NLI generation well beyond its bandwidth of validity that is limited to the PMD coherence bandwidth.
Introduction
To increase the capacity of coherent optical systems and re-configurable and transparent optical networks [1, 2] with respect the present level a viable solution is to extend the exploited optical bandwidth beyond the currently used spectral region in the C-band [3] . In this transmission scenario, the optical physical layer plays a crucial role on overall performances, since it affects network design, management and orchestration [4, 5] . For this reason, predicting propagation impairments is a key enabler for performance optimization both in the planning and in the operation phase of an optical network [6] . It was widely shown that, with state-of-the-art transceivers based on polarization division multiplexing (PDM) and multilevel modulation formats with coherent detection, the main capacity-limiting effects are amplified spontaneous emission (ASE) noise introduced by optical amplifiers and nonlinear interference (NLI) [7] . While ASE noise is an additive white Gaussian noise (AWGN) source, NLI, in general, is not an AWGN [8] . However, it was shown that, in all most common conditions, NLI can be accurately approximated as an AWGN source [9] . This key simplifying approximation allows the development of simple and effective models to predict the power spectral density of the generated NLI [10] [11] [12] . These models are then used to derive quality of transmission (QoT) estimators, which are crucial to assess physical layer impairments of optical networks [4] .
All NLI models for coherent PDM optical transmission assume that fiber Kerr effect is governed by the Manakov equation (ME) [13, 14] , which is an approximation of the dual-polarization coupled nonlinear Schrödinger equation (DP-NLSE) with random birefringence. The ME averages out the birefringence, assuming that the local orientation of its axes do not significantly vary with frequency. This allows the derivation of simple analytical expressions, which are exploited to derive NLI models. However, in the presence of polarization mode dispersion (PMD), this equation is formally valid only over a narrow optical bandwidth, called PMD coherence bandwidth [13, [15] [16] [17] . Therefore, this undermines the validity of NLI models for wide-band systems. On the other hand, experimental demonstrations coherent transmission well beyond the PMD coherence bandwidth [18] [19] [20] [21] , have shown a substantial agreement between models and measurements. This suggests that the ME, at least for transmission of coherent signals over long dispersion-uncompensated links, can be valid also for wide optical bandwidths, and, consequently, we infer that PMD plays a negligible role in NLI generation.
PMD is a stochastic effect, and a thorough study of NLI generation in the presence of PMD requires Monte-Carlo analyses over a large set of realizations. Consequently, numerical simulations are the only suitable method to perform this particular kind of analysis. Moreover, with numerical simulations the PMD parameter δ PMD can be tuned to overly large values, even if not realistic, in order to enhance any possible PMD-induced NLI modification.
In [22] , we have presented a preliminary study of NLI generation in wide optical bandwidth systems considering the presence of PMD: our results confirmed the validity of the ME over such bandwidths. This article extends it, by providing additional results and further insights and it is organized as follows. First, in Sec. 2.1 the system scenario under analysis is described. Then, in Sec. 2.2, it is illustrated the numerical simulator based on the PMD coarse-step method [13] used to simulate PMD in a split-step Fourier method (SSFM) simulation. Results are presented in Sec. 3: we analyzed propagation of a system with up to 81 channels carrying a 32-GBaud PDM-QAM modulations with standard 50 GHz spacing, corresponding to a maximum optical bandwidth B WDM of approximately 4 THz. We simulated the system relying either on the ME or on the coupled DP-NLSE including Monte-Carlo analyses of the PMD effect. Finally, conclusions are delineated in Sec. 4.
Simulation setup

System scenario
In this work we consider a wide-band coherent transmission of PDM-QAM signals, over long dispersion-uncompensated links. A schematic of the analyzed link is depicted in Fig. 1 . N ch transmitters generate PDM-QPSK or PDM-16-QAM signals at 32 GBaud, shaped with rootraised-cosine filters having 15% roll-off. The WDM channels, which are 50 GHz spaced around the central frequency f 0 = 193.4 THz, are propagated over 20 × 100-km spans of G.652 fiber (SMF) with typical parameters: loss of 0.2 dB/km, dispersion of −21.27 ps 2 /km and effective area of 80 µm 2 , giving a 1.3 1/(W km) nonlinear coefficient. After each fiber span, a flat-gain EDFA with noise figure F = 5 dB fully recovers span loss. Intra-channel stimulated Raman scattering (ISRS) is neglected, since the purpose of this work is only the analysis of the effect of PMD on Kerr-induced NLI generation.
At the receiver, we consider as channel-under-test (CUT) the central channel of the WDM comb, and we apply a polarization and phase diversity coherent receiver. After photodetection and analog-to-digital conversion, signals are equalized by an LMS adaptive equalizer with 17 taps, and the generalized signal-to-noise ratio (SNR) is evaluated on the constellation. As both channel and local oscillator lasers are assumed ideal, no carrier phase estimation (CPE) is performed. The parameters of the equalizer were carefully chosen to have a negligible (i.e. less than 0.01 dB) penalty, both in back-to-back and after fiber propagation.
Numerical simulator
Fiber propagation is emulated with a GPU-assisted implementation of the SSFM [23, 24] . We analyzed the system using both the coupled DP-NLSE and the ME equations. When applied to the DP-NLSE, the SSFM is integrated with the coarse step method [13] to consider the random birefringence evolution that determines PMD. Such method approximates the continuous birefringence variations of a realistic fiber by a concatenation of fixed-length birefringent sections, each of them characterized by a random orientation of its principal states of polarization (PSP) axis and a given differential group delay (DGD). PSP are a special orthogonal pairs of polarization, characterized by the fact that light launched in a PSP does not change polarization at the output. [15] . To avoid resonance effects, we randomized the waveplate length as suggested in [13, 25, 26] . The coarse step method is integrated in the linear step of the SSFM as described in [23] . As a reference, we also propagated the investigated signals with the PMD effect averaged out, integrating the ME. When applying the DP-NLSE, we performed Monte-Carlo investigations of fiber propagation with PMD parameter first set at δ PMD = 0.05 ps/ √ km and then at 1 ps/ √ km. While the first value represents a typical value for modern G.652 fibers, the latter is an overly large value that we adopted to have a polarization coherence bandwidth, where the ME should be valid, as narrow as [15, 27] :
This value was chosen to trigger any possible interaction between PMD and NLI generation out of the ME validity bandwidth, i.e., beyond the limits of NLI generation modeling. We first measured the SNR on the reference scenario (20 × 100 km SMF) as a function of the per-channel launch power P ch . Results are shown in Fig. 2 and Fig. 3 for PDM-QPSK (a) and PDM-16-QAM (b) respectively. One curve refer to the ME and two to the different values of δ PMD analyzed using the DP-NLSE. In Fig. 2 results are shown for the case of with N ch = 21 WDM channels, which correspond approximately to B WDM = 1 THz. This value of bandwidth is larger than the PMD coherence bandwidth for δ PMD = 1 ps/ √ km, whilst is smaller than PMD coherence bandwidth for 0.05 ps/ √ km (which is ∼ 1.2 THz). While at low values of P ch , where performance is ASE-noise limited, all the three cases give the same SNR, simulations with larger values of PMD give slightly lower performances with the increase of power. This suggests that PMD, in this case, slightly increases the amount of NLI generated. At P ch = 0 dBm, which is the optimal power value, the difference of SNR values obtained using ME and DP-NLSE is 0.11 dB for PDM-QPSK and 0.07 dB for PDM-16-QAM respectively, for the case of δ PMD = 1 ps/ √ km: there is a larger increase of NLI in lower-cardinality constellations. Then, we repeated simulations doubling the number of channels (N ch = 41, B WDM ≈ 2 THz): results are shown in Fig. 3 . In this case, the optical bandwidth B WDM is larger than the PMD coherence bandwidth for both values of δ PMD . The trend is identical to the previous case when N ch = 21. The only observed difference is a small increase in the SNR gap at P ch = 0 dBm and δ PMD = 1 ps/ √ km, which is now 0.21 dB for PDM-QPSK and 0.13 dB for PDM-16-QAM. These results strongly suggest that PMD coherence bandwidth plays a negligible role in NLI generation.
Results and discussion
In this latter case, we ran 20 simulations and we averaged out results. Since PMD is a stochastic effect, simulations must be verified with a Monte-Carlo analysis over different realizations: we repeated 20 times simulations of the N ch = 41 case previously analyzed at P ch = 0 dBm with different statistical realizations of random birefringence. Results are reported in Fig. 4 : we show the cumulative average of the SNR at the highest PMD value δ PMD = 1 ps/ √ km. After few realizations, the cumulative average converges to a stable result with an extremely low standard deviation (< 0.03 dB). Consequently, we conclude that the results of Fig. 3 do not depend on a specific PMD realization.
Effect of PMD on signal statistics
To find a possible explanation of the small SNR difference, we run a numerical simulation over a PMD-only fiber, i.e. an optical fiber without attenuation, dispersion and Kerr effect (α = 0, β 2 = 0, γ = 0). The simulation was run over 23 km of fiber, which corresponds approximately to the effective length of the span. We then measured the signal histograms before (Fig. 5a ) and after (Fig. 5b ) propagation over this optical fiber. Since a modulated signal is a cyclostationary random process [28] , with periodicity equal to the symbol duration T, one needs to create several histograms of the signal at different time instants within a symbol. The obtained result is very similar to an eye diagram, as shown in Fig. 5 . The Figure shows 24 different histograms of one quadrature of a 32-GBaud PDM-QPSK signal shaped with a 15% roll-off root-raised-cosine shaping filter. The number of symbols used in the simulation was 20 000. For this simulation, PMD has been further increased to very large value of 5 ps/ √ km to exacerbate its effects on the signal and to allow a qualitative inspection of the histogram. Comparing Fig. 5(a) with (b), it can be seen a slight spread of the duration of the symbol (yellow area at T = 0). This effect is similar (albeit much smaller) to the effect of chromatic dispersion (c), which makes the signal similar to a Gaussian distribution. According to NLI generation models [11, 12] , a Gaussian-distributed constellation generates more NLI. Consequently, this suggests that PMD, by "spreading" the signal, slightly increases NLI generation, as shown in Fig. 2 and 3 .
To give further evidence, Fig. 6 shows results for the same scenario of Fig. 1 , with N ch = 21 WDM channels, over a low-dispersion fiber. In particular, we simulated propagation over 12 90-km spans of Non-Zero Dispersion Shifted Fiber (NZDSF), with attenuation 0.222 dB/km, Kerr coefficient 1.4 1/(W km) and dispersion 3.8 ps/(nm km). Results are similar to SMF (Fig. 2) , where PMD induces a small increase of NLI that is stronger on PDM-QPSK. Consequently, the effect of PMD on NLI does not depend on the accumulated dispersion, since it is present also on Fig. 7 . SNR as a function of the total optical bandwidth B WDM with fixed per-channel launch power P ch = 0 dBm.
To investigate the bandwidth dependence of this effect, we measured the SNR at fixed P ch = 0 dBm by varying the number of WDM channels, i.e. the system optical bandwidth. Results are shown in Fig. 7 with N ch = 10, 20, 30, 40, 60, 80 WDM channels. While at low values of optical power the three results are closer, by increasing the optical power the gap slightly increases and then it keeps approximately constant. This suggests that this PMD-induced increase of NLI is not bandwidth-dependent. Moreover, results in Fig. 7 clearly indicate an increase of NLI proportional to log(B WDM ), which is the increase predicted by NLI models [10] [11] [12] based on the ME. Therefore, these results suggest that, in the considered scenario, the Manakov equation is valid up to optical bandwidths much larger than PMD coherence bandwidth. Moreover, these results are consistent with the experimental demonstrations presented in [18] [19] [20] .
Conclusion
In this paper, we presented an extensive number of simulations of wide-band transmission of PDM-QAM signals over a long, dispersion-uncompensated link. We compared results obtained with the ME and with the DP-NLSE with two different values of PMD. We found that, in this scenario, the PMD coherence bandwidth plays a negligible role in NLI generation. Moreover, we also found that PMD slightly increase the power of NLI. This can be due to a change of signal statistics that enhances NLI generation. Measuring NLI generation as a function of the optical bandwidth, we found a logarithmic increase of NLI with bandwidth, as predicted by models based on the ME. These results agree with experimental demonstrations, and strongly suggest that PMD plays a negligible role in NLI generation over such systems. However, a rigorous answer requires a thorough theoretical investigation, which is left for future research.
